MATH 1A — QUIZ 8 — SOLUTIONS

PEYAM RYAN TABRIZIAN

(1) (4 points; 1 point each) Let f(x) = 25 — 5zt

(a) Find the intervals of increase and decrease

f'(x) = 5at — 2023 = 523 (x — 4)

Now f(z) =0z =0o0rz = 4.

Now drawing a sign table (Note that you did not have to calculate f(0) and

f(4)), we get:
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From this table, we can see that:
- fisincreasing on (—o0,0) U (0, 00)
- [ is decreasing on (0, 4)
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(b) Find the local maxima and minima.

Using the table above and the first derivative test, we get that‘ f has a local maximum at 0

(f’ changes sign from positive to negative there)

And ‘ f has a local minimum at 4 ‘ (f’ changes sign from negative to positive
there).

(c) Find the intervals of concavity and inflection points.

f(x) = 202 — 6022 = 2022 (x — 3)

Then f”(x) = 0 < x = 0 or 2 = 3. Now using the following sign table, we
can determine the concavity and inflection points of f:
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From this table, we can see that:

- fis concave up on (3, 00)

- fis concave down on (—o0, 0) U (0, 3) (or (—o0, 3) if you’d like)
In particular, f changes concavity at 3, so f has an inflection point at .
(Note that f does NOT have an inflection point at 0 because f DOESN’T
change concavity there!)
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(d) Sketch the graph of f
Again, note that the actual values of —162 and —256 were not required.
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(2) (3 points; 1.5 points each) Evaluate the following limits:
@) lim, o+ 2 (In(x))*

By using I’Hopital’s rule twice (both times having the form =2, we get:

(In(z))*

lim (1: (ln(:c))2> = lim

z—0t

(d) limg o0 (1 + %)bw (here a and b are constants)

Notice that this is of the form 1°°, hence:
bx
(1) Lety = (1+ 2)

(2) In(y) =bzln (14 2)

lim In(y) = lim bz 1n (1 + %)

T—>00 Tr—00
In(1+2)

1
bz

im
T—r0o0

(3) Hence lim,, ., (1+2)" = ¢
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(3) (3 points) We say that z is a fixed point of f if f(z) =z
3_

(for example, —1 is a fixed point of 2 because (—1)% = —1)

Show that if f/(z) # 1 for all z, then f has at most one fixed point.

Suppose that f has at least 2 fixed points ¢ and b. Then f(a) = a and f(b) = b
(by definition of fixed points).

Now, since f is differentiable on [a, b], by the Mean Value Theorem on [a, b],
we get that for some ¢ in (a, b):

But W = Z:—g =1, so we get:
flle)=1

But this contradicts the fact that f'(x) # 1 for all x =<

Hence f has at most one fixed point.



